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On the algebraic K -theory of the Hilbert modular group
MAURICIO BUSTAMANTE
LUIS JORGE SA´NCHEZ SALDAN˜A
We give formulas for the Whitehead groups and the rational K -theory groups of the (integer group
ring of the) Hilbert modular group in terms of its maximal finite subgroups.
1 Introduction
The algebraic K -theory of the integral group ring of a discrete group G is known to encode topological
invariants of (high dimensional) manifolds X or spaces whose fundamental group pi1X is isomorphic to
G. Examples come in many guises: the obstructions to a finitely dominated space having the homotopy
type of finite CW -complex and to an open smooth manifold being the interior of a compact smooth
manifold with boundary are elements of K˜0(ZG) (or Wh0(G) in our notation below). The obstruction
to an h-cobordism admitting a product structure X × I is an element in the Whitehead group Wh(G)
(certain quotient of K1(ZG) denoted in this article by Wh1(G)) and the uniqueness up to isotopy of these
product structures on a compact h-cobordism has to do with a quotient of K2(ZG) named Wh2(G). In
fact an entire sequence of groups Whn(G) arising from the higher algebraic K -theory of a group ring can
be defined to contain the type of invariants needed to deal with parametrized phenomena in topology, e.g.
pseudoisotopy theory. These groups Whn(G) associated to a group G are called Whithead groups of G
and appeared defined (for larger n) by Waldhausen in [Wal78]. Thus, explicit calculations of algebraic
K -theory groups and their associated Whitehead groups Whn become relevant in geometric topology.
Unfortunately such calculation is generally a difficult task to complete, for instance the algebraic K -
theory of Z is not known yet in full generality. However, sometimes it is possible to approach the lower
K -theory and the higher K -theory modulo torsion via certain generalized homology theory. One instance
where this can be done is the integral group ring of the Hilbert modular group PSL2(Ok). In fact, we
prove:
Theorem 1.1 Let k be a totally real number field of finite degree and let Ok be its ring of algebraic
integers. Then for all q,
Whq(PSL2(Ok)) ∼=
⊕
(M)
Whq(M)
where the sum runs over the conjugacy classes of maximal finite subgroups of PSL2(Ok).
As for the non-projective Hilbert modular group SL2(Ok), we find that its Whitehead group is determined
by K1(Z[PSL2(Ok)]). In fact, we have:
Theorem 1.2 Let k be a totally real number field of finite degree and let Ok be its ring of algebraic
integers. Then
Whq(SL2(Ok)) ∼= Kq(Z[PSL2(Ok)])
for q ≤ 1.
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Although the higher K -theory groups of PSL2(Ok) seem to be harder to compute, a lot more can be said
about its higher rational K -theory. For a finite group F , let
• r(F) denote the number distinct real irreducible representations of F ,
• c(F) be the number of those real representations that are of complex type,
• q(F) be the number of distinct rational irreducible representations of F ,
• kp(F) be the number of irreducible representations of F over the p-adic numbers Qp and
• rp(F) be the number of irreducible representations of F over the field with p elements Fp .
Denote the rank of an abelian group by rk. Then we have the following
Theorem 1.3 Let k be a totally real number field of finite degree and let Ok be its ring of algebraic
integers. If G = PSL2(Ok), then
rk
(
Kq(Z[G])
)− rk (Hq(BG;K(Z))) =

∑
(M)
r(M)− m if q > 2 and q ≡ 1 mod 4,∑
(M)
c(M) if q > 2 and q ≡ 3 mod 4,∑
(M)
(r(M)− q(M)) if q = 1,
m−
∑
(M)
∑
p||M|
q(M)− (kp(M)− rp(M))
if q = −1,
0 otherwise
where m is the number of conjugacy classes of maximal finite subgroups in G, the sums range over the
conjugacy classes of maximal finite subgroups of G = PSL2(Ok) and Hq(BG;K(Z)) denotes the q-th
homology of BG with coefficients in the K -theory spectrum K(Z).
The proof of Theorem 1.3, together with Theorem 1.2 lead us to expressions for the the classical Whitehead
group of the non-projective Hilbert modular group and the lower reduced K -theory of SL2(Ok).
Corollary 1.4
Wh1(SL2(Ok)) ' Wh1(PSL2(Ok))⊕ PSL2(Ok)ab ⊕ Z2,
where PSL2(Ok)ab is the abelianization of PSL2(Ok). Also
Wh0(SL2(Ok)) ' Wh0(PSL2(Ok))⊕ Z;
and
Wh−1(SL2(Ok)) '
⊕
(M)
K−1(Z[M]).
where the sum are taken over the conjugacy classes of maximal finite subgroups of PSL2(Ok).
The main tool we use to prove our main results is the K -theoretic Farrell-Jones Isomorphism conjecture
for a group. When this conjecture is verified for a group Γ, then one can potentially compute the
algebraic K -theory of the group ring Z[Γ] by first determining the algebraic K -theory of its virtually
cyclic subgroups and the structure of the restricted orbit category Or(Γ,VCYC). This will be explained
in more detail in Section 2. Then a spectral sequence argument can give rise to the calculation of
some of the K -theory groups. This method has proved to be effective in several cases, for example
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2- and 3-dimensional crystallographic groups [Pea98], [AO06], cocompact Fuchsian groups [BJPP01],
[BJPP02], [LS00], Bianchi groups [BFJPP00], braid groups [JPML06], [JPML10], hyperbolic reflexion
groups [LO09], virtually free groups [JPLMVP11], [JPSS14], etc.
The spectral sequence we use in our calculation is the p-chain spectral sequence of Davis and Lu¨ck which
we review in Section 3. This spectral sequence turned out to be convenient due to the structure of the
finite subgroups of the Hilbert modular group. We go over this in Section 4. Section 5 is devoted to the
proof of Theorems 1.1, 1.2 and 1.3.
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2 Preliminaries
The essential tool in our calculation is the Farrell-Jones Isomorphism conjecture. To state this conjecture
in a convenient way, we recall some definitions from [DL98].
From now on we only consider discrete groups. A family of subgroups F of a group G is always assumed
to be closed under conjugation and under taking subgroups. We are specially interested in the following
families of subgroups:
• ALL of all subgroups of G;
• VCYC of all virtually cyclic subgroups of G, i.e. subgroups which have a possibly finite cyclic
subgroup of finite index;
• FbC of finite subgroups and all virtually cyclic subgroups of the form F o Z with F finite;
• FIN of all finite subgroups;
• Tr consisting of the trivial subgroup.
Note that each family is contained in the previous one.
Definition 2.1 Let G be a group and F be a family of subgroups. The restricted orbit category
Or(G,F) is the category whose objects are homogenous spaces, also called orbits, G/H , H ∈ F and
whose morphisms are G-maps.
Let Or(G) denote Or(G,ALL), and the set of G maps between the orbits G/H and G/K is denoted by
morG(G/H,G/K).
Note that every element in morG(G/H,G/K) is of the form Ra : G/H → G/K gH 7→ ga−1K , provided
aHa−1 ⊆ K . And that Ra = Rb if and only if ab−1 ∈ K .
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Definition 2.2 Let G be a group and F a family of subgroups of G.
• An Or(G,F)-space (resp. Or(G,F)-spectrum) is a functor Or(G,F)→ SPACES (resp. Or(G,F)→
SPECTRA), where SPACES (resp. SPECTRA) is the cateogry of compactly generated topological
spaces (resp. spectra). See [DL98, p. 207].
• We denote by ∗F the Or(G)-space defined as
∗F (G/H) =
{
point if H ∈ F
∅ otherwise.
Given a G−F -space Z , i.e. a G-space Z all of whose isotropy groups belong to F , we define the fixed
point (contravariant) Or(G,F)-space mapG( ,Z) : Or(G,F)→ SPACES by G/H 7→ mapG(G/H,Z) =
ZH . In particular, if Z is a G−F -CW complex we say that mapG( ,Z) is a free Or(G,F)-CW complex.
Remark 2.3 An unreduced homology theory for contravariant Or(G,F)-spaces with coefficientes in a
covariant Or(G,F)-spectrum can be defined. This homology theory, denoted by HOr(G,F )∗ (X,Y; E), is
constructed in [DL98] in order to establish the Farrell-Jones conjecture. It satisfies the Weak Homotopy
Equivalence (WHE) axiom, i.e., given a weak homotopy equivalence of pairs of contravariant Or(G,F)-
spaces (f , g) : (X,A) → (Y,B) then the homology groups HOr(G,F )p (X,A; E) and HOr(G,F )p (Y,B; E) are
isomorphic for all p ∈ Z.
It can be shown that HOr(G)n (∗F ;K) ∼= pin(hocolimOr(G,F ) K), where K denotes the K -theory spectrum
defined in [DL98, Section 2]. Also
HOr(G)n (∗ALL;K) ∼= pin(hocolimOr(G) K) ∼= Kn(Z[G])
since Or(G) has a final object G/G and pin(K(G/G)) ∼= Kn(Z[G]). It is worth mentioning that in [DL98,
Section 2] an Or(G,F)-spectrum K is defined for every group G, in such a way that pii(K(G/H)) =
Kn(ZH) for all n ∈ Z.
In their seminal paper ([FJ93]) Farrell and Jones established their famous isomorphism conjecture for
the K -theory, L-theory and Pseudoisotopy functors. Here we consider the K -theoretic version of the
conjecture as stated by Davis and Lu¨ck in [DL98].
Conjecture 2.4 (The Farrell-Jones isomorphism conjecture) For any group G the following assembly
map, induced by inclusion of Or(G)-spaces, is an isomorphism
(∗) AVCYC,ALL : HOr(G)n (∗VCYC;K)→ HOr(G)n (∗ALL;K) ∼= Kn(ZG).
Once the Farrell-Jones conjecture has been verified for a group G, one can hope to compute Kn(Z[G]) by
computing the left hand side of (∗). The later is a generalized homology theory that can be approached,
for example, via Mayer-Vietoris sequences, Atiyah-Hirzebruch-type spectral sequences or, as in our case,
the p-chain spectral sequence.
The Whitehead groups Whn(G) of G appear in this context as follows
Proposition 2.5 [Wal78, Prop. 15.7] Let G be a group. Then Whn(G) ∼= HOr(G)n (∗ALL, ∗Tr;K) for all
n ∈ Z. In fact they fit in a long exact sequence
· · · → Hn(BG;K(G/1))→ Kn(ZG)→ Whn(G)→ Hn−1(BG;K(G/1))→ · · ·
where Hn(BG;K(G/1)) is the classical generalized homology theory with coefficients in the spectrum
K(G/1) which has as homotopy groups the algebraic K -theory of the group ring ZG.
K -theory of Hilbert modular group 5
When the Farrell-Jones conjecture holds for a group G we obtain:
Corollary 2.6 Let G be a group. Suppose that the Farrell-Jones conjecture holds for G, then Whn(G)
is isomorphic to HOr(G)n (∗VCYC, ∗Tr;K) for all n ∈ Z.
One usually wonders whether a smaller family of subgroups than VCYC would suffice to succeed in the
calculation of the Whitehead groups of a group or the K -theory of a group ring. The next two theorems
tell us something about it.
Theorem 2.7 [FJ93, A.10] Let G be a group. Suppose that for any finite by cyclic subgroup V of G,
the assembly map
AFIN,ALL : HOr(V)n (∗FIN;K)→ HOr(V)n (∗ALL;K) ∼= Kn(ZV)
is an isomorphism. Then HOr(G)n (∗FIN;K) ∼= HOr(G)n (∗FbC;K).
Remark 2.8 The obstructions to AFIN,ALL being an isomorphism is the so-called Nil groups. The
vanishing of these groups allows one to consider only the family of finite subgroups. Thus under the
hypothesis of Theorem 2.7 and using results of [DKR11], [DQR11], one can actually compute the
Whitehead groups of a group G by considering only its family of finite groups. In other words, if G
satisfies the Farrell-Jones conjecture then
Whn(G) ∼= HOr(G)n (∗ALL, ∗Tr;K)
∼= HOr(G)n (∗VCYC, ∗Tr;K)
∼= HOr(G)n (∗FbC, ∗Tr;K)
∼= HOr(G)n (∗FIN, ∗Tr;K).
Here is one more way in which one can replace the family of subgroups of a group by a smaller family.
Theorem 2.9 [DL03, Corollary 3.9] Let F be a family of subgroups of G. Denote by MF ⊂ F the
subfamily consisting of: all maximal elements in F , the groups in F which are contained in more than
one maximal element and the groups in F which are contained in no maximal element of F . Then for
all n
HOr(G)n (∗F ;K) ∼= HOr(G)n (∗MF ;K).
3 The p-chain spectral sequence
In this section we establish a special case of the p-chain spectral sequence of Davis and Lu¨ck [DL03].
Besides the Farrell-Jones conjecture, this will be the main ingredient in our calculation. The p-chain
spectral sequence converges to HOr(G,F )(X; E). By reasons that will become evident in the next section,
it will be enough to restrict ourselves to the restricted orbit category Or(G,FIN) and X the one point
Or(G,FIN)-space. This category has the property that every endomorphism is an isomorphism and for
each object G/K , Aut(G/K) acts freely in morG(G/H,G/K). Let G/H denote the isomorphism class
of G/H . Note that there is a partial order on the set of isomorphism classes defined by G/H ≤ G/K if
morG(G/H,G/K) is nonempty. We also write G/H < G/K if G/H ≤ G/K and G/K  G/H .
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Definition 3.1 Let G be a group and F a family of subgroups. A sequence of isomorphism classes of
objects c := {G/H0,G/H1, · · · ,G/Hp} in Or(G,F) is called a p-chain if
G/H0 < G/H1 < · · · < G/Hp.
Associated to a p-chain c = {G/H0,G/H1, · · · ,G/Hp} there are Aut(G/Hp)-Aut(G/H0)-spaces S(c)
defined by
S(c) =

Aut(G/H0) if p = 0
morG(G/H0,G/H1) if p = 1
morG(G/Hp−1,G/Hp)×Aut(G/Hp−1) · · · ×Aut(G/H1) morG(G/H0,G/H1) if p ≥ 2
The next result is proven (in more generality) in [DL98, Lemma 2.11 and Remark 2.13]
Theorem 3.2 (The p-chain spectral sequence ) Let G be a group and let J ⊂ FIN be any subfamily of
the family of finite subgroups of G. Then there is a spectral sequence whose first page is given by
E1p,q =
⊕
p− chains c
in Or(G,J )
HAut(G/H0)q (pt ×Aut(G/Hp) S(c);K)
which converges to HOr(G)p+q (∗J ;K).
Remark 3.3 This spectral sequence is very manageable when one can control the length of the p-chains.
In our case, when G becomes the Hilbert modular group, we will see that we can work in a family of
subgroups in which no p-chains for p ≥ 2 have to be considered in the restricted orbit category. This
will make the spectral sequence collapse quickly and explicit calculations can be done.
4 The Hilbert Modular Group
In this section we review the definition and some basic properties of the Hilbert modular group. The
results we state without proof in this section can be found for example in [Fre90]. For additional
information about the Hilbert modular group we refer the reader to [Hir73], [vdG88].
A totally real number field k is an algebraic extension of Q such that all its embedings σi : k→ C have
image contained in R. Let k denote a totally real number field of degree n and Ok its ring of integers.
The Hilbert modular group PSL2(Ok) is defined to be the quotient of the special linear group of 2 by 2
matrices SL2(Ok) with entries in Ok by the subgroup consisting of {I,−I}, where I denotes the identity
matrix; in other words
PSL2(Ok) = SL2(Ok)/{I,−I}.
Note that if k = Q, then PSL2(Ok) = PSL2(Z) is nothing but the classical modular group. However
PSL2(Ok) is not a discrete subgroup of PSL2(R) if n ≥ 2. Yet it does act properly and discontinuously
on the n-fold product Hn = H × · · · × H of upper half planes, by fractional linear transformations in
each of the n factors, via the n different embeddings of k into R. Thus the Hilbert modular group is a
discrete subgroup of PSL2(R)n = PSL2(R)× · · · × PSL2(R). For example, if we let d be a square-free
positive integer and k = Q(
√
d), then there are two embeddings of k into R, namely
σ1 : s + t
√
d 7→ s + t
√
d and σ2 : s + t
√
d 7→ s− t
√
d,
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for s, t ∈ Q. In this case, a matrix
(
α β
γ δ
)
∈ PSL2(Ok) acts on (z1, z2) ∈ H×H by(
α β
γ δ
)
(z1, z2) =
(
σ1(α)z1 + σ1(β)
σ1(γ)z1 + σ1(δ)
,
σ2(α)z2 + σ2(β)
σ2(γ)z2 + σ2(δ)
)
.
The action of PSL2(Ok) on Hn is not free. One can detect points with non-trivial isotropy by the following
lemma (Compare with the analogous situation of PSL2(Z) acting on H by Mo¨bius transformations):
Lemma 4.1 Let h ∈ PSL2(Ok) and dentote by σi : PSL2(Ok) ↪→ PSL2(R), i = 1, . . . , n the canonical
embeddings of PSL2(Ok) into PSL2(R). Then the following conditions are equivalent:
(1) σ1(h), . . . , σn(h) ∈ PSL2(R) are elliptic matrices, i.e. their traces satisfy
[Tr σi(h)]2 − 4 < 0.
(2) h has finite order.
(3) h has a unique fixed point.
Moreover the stabilizer Γz of any point z ∈ Hn in PSL2(Ok) is a finite cyclic group.
For example the matrix
(√
2 −1
1 0
)
is an elliptic element of PSL2
(
OQ(√2)
)
of order 4 that fixes the
point
√
2
2 ((1 + i), (−1 + i)) ∈ H×H.
Remark 4.2 Hn turns out to be a classifying space for proper actions of the Hilbert modular group
PSL2(Ok), where the fixed point sets by finite subgroups are not only contractible but consist of a single
point. This property will simplify the calculation of the K -theory groups enormously.
Perhaps more importantly for our purposes, PSL2(Ok) satisfies the conditions M, NM and FJ specified
in [DL03, Section 4]:
Lemma 4.3 The Hilbert modular group PSL2(Ok) satisfies the following three properties:
(M) Every finite subgroup of PSL2(Ok) is contained in a unique maximal finite subgroup.
(NM) If M is a maximal finite subgroup of PSL2(Ok) then N(M) = M , where N(M) denotes the
normalizer of M in PSL2(Ok).
(FJ) The Isomorphism Conjecture of Farrell and Jones for algebraic K -theory is true for PSL2(Ok).
Proof Note that by the lemma above if H is a finite subgroup of PSL2(Ok) then H is contained in the
finite stabilizer Γz of a point z ∈ Hn . Γz is a finite maximal subgroup of PSL2(Ok). For if F is a finite
subgroup of PSL2(Ok) containing Γz , then there must exist y ∈ Hn such that f · y = y for all f ∈ F . In
particular, every element of Γz would fix y and by uniqueness of the fixed points, y = z, that is to say
f ∈ Γz . This proves that PSL2(Ok) satisfies property (M).
Let M be a maximal finite subgroup of PSL2(Ok). Then by the previous paragraph, M = Γz , where Γz
is the stabilizer of some point z ∈ Hn . Let now g ∈ N(M), then gfg−1 ∈ M for some all f ∈ M = Γz .
Hence gfg−1z = z which implies that fg−1z = g−1z, and by the uniqueness of the fixed points g−1z = z,
i.e. g ∈ M . This proves that PSL2(Ok) satisfies the property (NM).
As for property (FJ) we have to note that PSL2(Ok) is a lattice in the Lie group PSL2(R)n . The
Farrell-Jones conjecture has been proven for this type of groups in [KLR].
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Remark 4.4 Conditions (M) and (NM) can be interpreted in a somewhat geometric way as follows: Let
J be the family of groups G satisfying (FJ) and for which there is a model for EG with the property that
every fixed point set by a finite subgroup of G consists of a single point. Then it is clear that if G ∈ J ,
then G satisfies (M) and (NM) and (FJ). It is worth noticing that such family J is closed under free
products.
If a group G has properties (M) and (NM) its only possible virtually cyclic subgroups are very limited
(Compare [DL03, p.100]).
Lemma 4.5 Let G be a group having properties (M) and (NM), then every infinite virtually cyclic
subgroup of G is isomorphic to either Z or Z2 ∗ Z2 .
Proof Every infinite virtually cyclic subgroup V of G fits into an extension
1→ F → V → Γ→ 1
where Γ is either Z or Z2 ∗ Z2 and F is finite. Since F is normal in V then V ⊂ N(F) where N(F) is
the normalizer of F in G. Suppose that F is non-trivial and let M be the unique maximal finite subgroup
of G containing F . It is clear that F ⊂ gMg−1 if g ∈ N(F). Hence, by uniqueness, g ∈ M . This shows
that N(F) ⊂ M which is finite, contradicting that V ⊂ N(F). Therefore F is trivial and the conclusion
follows.
5 Whitehead groups and rational K -theory of the Hilbert modular group
In this section we prove Theorems 1.1, 1.2 and 1.3.
Proof of Theorem 1.1 Let G = PSL2(Ok). Recall that Whq(G) ' HOr(G)q (∗ALL, ∗Tr;K). The first step
in our calculation is to verify the Farrell-Jones conjecture for G. As mentioned in Lemma 4.3, this
follows from [KLR]. The next step is trying to reduce the family of subgroups as much as possible. In
fact, by Lemma 4.5 and the fact that the Nil groups of the integer group rings of Z and Z2 ∗ Z2 vanish
[LS00, Lemma 2.5], we have that the assembly map
AFIN,ALL : HOr(V)q (∗FIN;K)→ HOr(V)q (∗ALL;K)
is an isomorphism. Hence Whq(G) can be computed using only the family of finite subgroups of G. That
is to say
Whq(G) ' HOr(G)q (∗FIN, ∗Tr;K)
Furthermore, by combining Lemma 4.3 (property M) and Theorem 2.9, we see that the family of
subgroups considered can be reduced further to the subfamily MFIN , where MFIN denotes the family of
maximal finite subgroups of G union the trivial subgroup, as defined in Theorem 2.9. Hence
Whq(G) ∼= HOr(G)q (∗MFIN, ∗Tr;K).
Now that we have replaced VCYC by MFIN , we analyze the structure of the p-chains in Or(G,MFIN).
0-chains. These are chains of the form {G/H}, where H ∈ MFIN .
1-chains. Here we only have chains of the form {G/1,G/H}. Note that there are no 1-chains of the
form {G/H,G/K}, for H,K ∈ MFIN , H 6= 1, because every morphism G/H → G/K has to be
an isomorphism.
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p-chains, p ≥ 2. There are none because every morphism G/H → G/K , H 6= 1, is an isomorphism.
Also notice that by considering the pair (∗MFIN, ∗Tr) we are neglecting terms coming from the 0-chain
{G/1} in the E1 page of the p-chain spectral sequence for pairs. Particularly, no 1-chains have to
be considered in the calculation of the Whitehead groups. Thus the spectral sequence will only have
contributions from isomorphism classes of orbits of the form G/H with H ∈ MFIN , H 6= 1. Now recall
that Aut(G/H) = N(H)/H = {e}, where N(H) is the normalizer of H in G and the last equality follows
from Lemma 4.3 (property NM). Also there is a correspondence between 0-chains in Or(G,MFIN) and
conjugacy classes of maximal finite subgroups in G. Thus we end up with the following E1 -term.
Therefore the spectral sequence collapses at E1 and the result follows.
−1
0
1
2
0 1 2
⊕
(M)Wh−1(M)
⊕
(M)Wh0(M)
⊕
(M)Wh1(M)
0
0
⊕
(M)Wh2(M)
0
0
0
0
0
0
Proof of Theorem 1.2 We follow the same strategy as in the proof of Theorem 1.1. Let G = SL2(Ok).
It satisfies the Farrell-Jones conjecture for the same reasons that PSL2(Ok) does. Thus we can guarantee
that
HOr(G)q (∗Vcyc;K) ∼= Kq(Z[G])
for all q ∈ Z. The idea now is trying to reduce the family of subgroups in order to compute the left side of
this equation. Recall that by [DKR11], [DQR11] it is always posible to reduce the family from VCYC to FbC
(see also Section 2). Hence if we want to replace the family VCYC with FIN it is enough to prove that for any
subgroup of G of the form FoZ with F finite, the assembly map f : HOr(FoZ)q (∗FIN;K)→ Kq(Z[FoZ])
is an isomorphism. To see this, note that F × Z < F o Z and the only non-trivial finite-order element
that commutes with an element of infinite order is −I =
( −1 0
0 −1
)
, then every group in the family
FbC is isomorphic to either Z or Z2 × Z. By [LS00, Lemma 2.5] f is an isomorphism for q ≤ 1 when
F is the trivial group or F ∼= Z2 . Therefore
HOr(G)q (∗VCYC;K) ∼= HOr(G)q (∗FbC;K) ∼= HOr(G)q (∗FIN;K),
whenever q ≤ 1.
We can actually work with a smaller family of subgroups. First note that by the same reasoning as in the
proof of Lemma 4.3, every finite maximal subgroup of G is of the form Gz , z ∈ EG = H× · · · ×H, the
n-fold product of upper half-spaces. Hence every finite subgroup different from {±I} is contained in a
unique finite maximal subgroup. Let MFIN as defined in Theorem 2.9, note that every element in MFIN
is a maximal finite subgroup, or the trivial subgroup or the group {I,−I}. By Theorem 2.9 we have
HOr(G)q (∗FIN;K) ∼= HOr(G)q (∗MFIN;K).
Now, using the Five Lemma and the previous reductions of the family of subgroups, it is straightforward
to show that, for q ≤ 1
Whq(G) ∼= HOr(G)q (∗All, ∗Tr;K) ∼= HOr(G)q (∗MFIN, ∗Tr;K).
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We now analyze the p-chains that appear in Or(G,MFIN)
0-chains. These are chains of the form {G/1}, {G/{±I}} and {G/H}, where H is a finite maximal
subgroup.
1-chains. We have chains of the form {G/1,G/{±I}}, {G/1,G/H} and {G/{±I},G/H}, with H a
finite maximal subgroup.
2-chains. The only 2-chains that we can form are of the type {G/1,G/{±I},G/H}, with H a finite
maximal subgroup.
p-chains, p ≥ 3. There are none because for H, K maximal every morphism G/H → G/K has to be
an isomorphism
Also notice that by considering the pair (∗MFIN, ∗Tr) we are neglecting terms coming from p-chains whose
least element is the 0-chain {G/1}. Particularly, no 2-chains have to be considered. Thus the E1 term
of p-chain spectral sequence for pairs will only have contributions from orbits in Or(G,MFIN0), where
MFIN0 := MFIN − Tr .
It is clear that Or(G,MFIN0) is equivalent to Or(PSL2(Ok),MFIN). Thus the E1 -term of the p-chain
spectral sequence (for pairs) in Or(G,MFIN) is isomorphic to the E1 -term of the p-chain spectral
sequence in Or(PSL2(Ok),MFIN). Since the former converges to Wh∗(G) and the latter converges to
K∗(Z[PSL2(Ok)]) the result follows.
Proof of theorem 1.3 Let G = PSL2(Ok). Recall that MFIN from Theorem 2.9 is the family of
subgroups of G consisting of all maximal finite subgroups together with the trivial subgroup. In [Gru08,
Theorem 5.6], it is proven that for any group Γ that satisfies the Farrell-Jones conjecture
HOr(Γ)∗ (∗FIN;K)⊗Q ∼= HOr(Γ)∗ (∗VCYC;K)⊗Q ∼= K∗(Z[Γ])⊗Q.
Now we use Theorem 2.9 to reduce the family from FIN to MFIN . We start analyizing the p-chains that
appear in Or(G,MFIN). This has been done already in the proof of Theorem 1.1. Note, though, that this
time we are not computing the homology of a pair, so we do need to consider 0-chains and 1-chains
(there are no p-chains in this category for p ≥ 2.) The first page of the p-chain spectral sequence is
given (after some simplifications, see [BJPP01, Proposition 12]) by
E10q = Hq(BG;K(Z))⊕
⊕
(M)
Kq(Z[M]))
E11q =
⊕
(M)
Hq(BM;K(Z))
E1pq = 0 for p 6= 0, 1,
where Hq( ;K(Z)) refers to the generalized homology theory with coefficients in the Pedersen-Weibel
K -theory spectrum and the sum runs over conjugacy classes of maximal finite subgroups. Thus the
p-chain spectral sequence in this case looks like this:
The differentials d1 : E11q → E10q are all induced by two types of maps between p-chains: Those arising
from {G/1,G/M} 7→ {G/1} and those that come from {G/1,G/M} 7→ {G/M}. It is shown in [Pea98,
Lemma 3.10] that in the first case the induced map in homology is inclusion whereas the second map
induces the classical assembly map Hq(BM;K(Z))→ Kq(Z[M]) which in our notation is
ATr,All : HOr(M)q (∗Tr;K)→ HOr(M)q (∗All;K).
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In our case this assembly map is known to be rationally injective for all q (see [BHM93]). Hence, at least
rationally the differentials d1 are injective and the spectral sequence (rationally) collapses at E2 . Then
rk (Kq(Z[G])) = rk (E∞0q ) = rk (E20q)
Note that E20q fits in an exact sequence:
0→ E11q ⊗Q
d1⊗idQ−−−−→ E10q ⊗Q→ E20q ⊗Q→ 0.
Finally, by taking into account that every finite subgroup of the Hilbert modular group G is cyclic, an
Atiyah-Hirzebruch spectral sequence calculation shows that
rk (Hq(BM;K(Z)) =
{
1 if q = 0 or q ≡ 1 mod 4, q > 2
0 otherwise
Hence,
rk (Kq(Z[G])) = rk (E20q)
= rk (E10q)− rk (E11q)
=
∑
(M)
rk (Kq(Z[M])) + rk (Hq(BG;K(Z))−
∑
(M)
rk (Hq(BM;K(Z)).
Thus we have
(**) rk (Kq(Z[G]))− rk (Hq(BG;K(Z)) =

∑
(M)
rk (Kq(Z[M]))− m if q = 0 or q ≡ 1 mod 4, q > 2∑
(M)
rk (Kq(Z[M])) otherwise,
where m denotes the number of conjugacy classes of maximal finite subgroups of G. By results of
Bass [Bas65], Carter [Car80] and Jahren [Jah09] on the K -theory of finite groups, we have the following
equalities:
rk (Kq(Z[M])) =

r(M) if q > 2 and q ≡ 1 mod 4
c(M) if q > 2 and q ≡ 3 mod 4
r(M)− q(M) if q = 1
1 if q = 0
1− q(M) +
∑
p||M|
(kp(M)− rp(M)) if q = −1
0 otherwise.
The result then follows by substituting in the equation (**).
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Proof of Corollary 1.4 Recall that by Theorem 1.2 Wh1(SL2(Ok)) ' K1(PSL2(Ok)). Now notice that
the differential of the spectral sequence that appears in the proof of Theorem 1.3, is injective for q ≤ 1,
see [BJPP01, Proof of Proposition 14]. This implies that K1(PSL2(Ok)) = E∞01 = E201 and then we obtain
an exact sequence
0→ E111 d
1−→ E101 → K1(PSL2(Ok))→ 0.
Following [BJPP01, Proof of Proposition 14] is straightforward to check that
E101 = PSL2(Ok)ab ⊕ Z2 ⊕
⊕
(M)
K1(Z[M])
and also
E111 =
⊕
(M)
(M ⊕ Z2).
Since M is abelian, K1(Z[M]) ' M⊕Z2⊕Wh1(M) and the image of the assembly map H1(BM;K(Z)) '
M ⊕ Z2 → K1(Z[M]) splits for each M . This gives us the desired formula for the classical Whitehead
group:
Wh1(SL2(Ok)) ' Wh1(PSL2(Ok))⊕ PSL2(Ok)ab ⊕ Z2.
Similarly we obtain an exact sequence
0→ E110 d
1−→ E100 → K0(PSL2(Ok))→ 0,
where
E110 =
⊕
(M)
H0(BM;K(Z)) '
⊕
(M)
Z
and
E100 ' Z⊕
⊕
(M)
K0(Z[M]).
Note that K0(Z[M]) ' Z ⊕Wh0(M) and Wh0(M) is finite because M is finite. The result then follows
by noticing that the assembly map H0(BM;K(Z)) ' Z→ K0(Z[M]) ' Z⊕Wh0(M) is split injective for
each M .
The same analysis at the −1-st level yields Wh−1(SL2(Ok)) '
⊕
K−1(Z[M]). This completes the proof
of the corollary.
We conclude this section working out a concrete example. Let k = Q(
√
5) the quadratic extension of
the rational numbers obtained by adjoining
√
5 to Q. In this case, PSL2(Ok) acts on H × H via the
embeddings induced by σ1 :
√
5 7→ √5 and σ2 :
√
5 7→ −√5. By Theorem 1.1, the Whitehead groups
of PSL2(Ok) are determined by its maximal finite subgroups. Hence our problem reduces to finding
all conjugacy classes of maximal finite subgroups. By Lemma 4.3, every maximal finite subgroup of
PSL2(Ok) appears as a stabilizer of some point in H × H. We will say that two fixed points in H × H
are inequivalent if their isotropy groups are not conjugate. Thus we have a bijection between conjugacy
classes of maximal finite subgroups of PSL2(Ok) and the number of inequivalent fixed points in H×H.
The problem of finding the number of fixed points of the action of the Hilbert modular group of a
quadratic number field has been addressed in [Pre68]. We sketch here the way to proceed: since only
elliptic elements of PSL2(Ok) can have fix points, then the trace of such an element must satisfy
[Tr σi(h)]2 − 4 < 0, i = 1, 2.
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Also, every elliptic matrix is conjugate (in PSL2(C) ) to one of the form
(
ω 0
0 ω
)
where ω is a primitive
root of unity. Thus, in our case, each of these traces should be an algebraic integer of Q(
√
5), i.e. an
element of Z[ 1+
√
5
2 ]. The only possibilities are: 0, ±1 and ±1±
√
5
2 , corresponding to a 4th, 6th and 10th
root of unity respectively. This says that in PSL2(Ok) we will only have elliptic elements of order 2, 3
and 5, consequently the only finite subgroups that can appear will be isomorphic to Z2 , Z3 and Z5 . The
number of conjugacy classes of these maximal finite subgroups is calculated in [Pre68]: each of these
groups has exactly two conjugacy classes in PSL2(Ok). Therefore, by Theorem 1.1 we have
Whq(PSL2(OQ(√5))) = Whq(Z2)2 ⊕Whq(Z3)2 ⊕Whq(Z5)2.
In the special case of the classical Whithead group, i.e. q = 1, it is known (See [Oli88]) that Wh(Z2) '
Wh(Z3) ' 0 and Wh(Z5) ' Z. Therefore
Wh(PSL2(OQ(√5))) ' Z⊕ Z.
Also, by Corollary 1.4 we have
Wh(SL2(OQ(√5)) ' Z⊕ Z⊕ Z2,
since PSL2(OQ(√5)) is a perfect group.
Finally for the higher K -theory we obtain (here G = PSL2(OQ(√5))):
rk Kq(Z[G])− rk Hq(BG;K(Z)) =

2r(Z2) + 2r(Z3) + 2r(Z5) if q > 2 and q ≡ 1 mod 4
2c(Z2) + 2c(Z3) + 2c(Z5) if q > 2 and q ≡ 3 mod 4
2(r(Z2)− q(Z2)) + 2(r(Z3)− q(Z3))
+2(r(Z5)− q(Z5)) if q = 1
=

4 + 4 + 6 if q > 2 and q ≡ 1 mod 4
0 + 2 + 4 if q > 2 and q ≡ 3 mod 4
0 + 0 + 2 if q = 1.
=

14 if q > 2 and q ≡ 1 mod 4
6 if q > 2 and q ≡ 3 mod 4
2 if q = 1.
Remark 5.1 It is worth noticing that the formula of Corollary 1.4 also provides a calculation for the
Whitehead group of SL2(Z):
Wh1(SL2(Z)) ' Wh1(PSL2(Z))⊕ PSL2(Z)ab ⊕ Z2
' Wh1(Z2 ∗ Z3)⊕ Z6 ⊕ Z2
' Z6 ⊕ Z2,
where we have used the fact that Wh1(Z2 ∗ Z3) ' Wh1(Z2)⊕Wh1(Z3) ' 0.
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